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Abstract. In present paper we study a boundary value problem for a mixed parabolic- 
hyperbolic type equation in a rectangular domain and prove the existence of unique 
solution of this problem. In theory of boundary value problems for second order mixed 
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1 Introduction 


In domain = {(x, t) : 0 < x < —T < t < T} we consider equation 


Ut 'ilxX') t 'C 0 




( 1 ) 


where / (x, t) is given function. 

We denote by £2+ = £2 fl (t > 0), £2“ = £2 fl (t < 0) . 

Problem. Find in £2+U£2“ solution u (x, t) & C (£2) flC'f’j (£2) of equation (1) satisfying 
boundary conditions 

u (0,2) = 0, M (p, t) = 0, —T < t < T (2) 

and conjugation conditions 

u (x, -fO) = u (x, —0), 0 < X < p, (3) 

Ut{x,+Q) = Ut{x,-Q) ,Q< X < p, ( 4 ) 

utt (x, -f 0) = utt (x, -0), 0 < X < p. (5) 


Boundary value problems for mixed parabolic-hyperbolic type equations when hyperbolic 
part of domain is characteristic triangle was studied by many authors (see [1],[2],[3] 
and references therein). Boundary value problems for parabolic-hyperbolic equations in 
rectangular domains was studied by Sabitov K.B. in [4-6] and for the higher order generalized 
mixed parabolic equation with fractional derivatives in [7]. The problem (l)-(5) differs 
from the known works of the conjugation condition (5). If we refuse condition (5) and put 
u (x, T) = 0 then in £2+ we have Dirichlet type problem, the solvability of which is strongly 
depends on the relation of the sides of the rectangle [8]. In our case, this dependence is 
expressed by inequality cosA„T -|- A„sinA„T ^ 0,A„ = ^,n = 1,2,... the validity of 
which is not obvious. A similar inequality is given in [4], which proved is validity under 
certain restrictions on numbers T and p . 
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2 Uniqueness of solution of problem (l)-(5) 


Theorem 1. Let conditions 


lim xux (x, t) = 0, lim (p — x) Ux {x, t) = 0 

3 :— 


( 6 ) 


is valid, then the solntion of problem (l)-(5) is uniqne, if it exists. 

Proof. Let / (x, f) = 0 in We will show that u {x, f) = 0 in Following [9] consider 
integrals 


C(n{t)= / u{x,t) Xn{x) dx, t > 0, 


= / u {x,t) X (x) dx, f < 0, 


where Xn (x) = Wf sinA^x, An = = 1,2,... 


On the basis of (7) and (8) we introduce the functions 


p-e 


(t) = U (X, t) Xn (x) dx. 


£ 

p-£ 


Pn,e = y “ 
e 

where (e,p — s) ^ 0. Differentiating (9) two times with respect to t we have 

p-e 

£ (^) = / “n ( 3 ^) u ( 2 :) dx. 


(7) 

( 8 ) 


(9) 


( 10 ) 


p-e 


From homogeneous equation (1) we get a'ne{t) = / Uxx {x,t) Xn {x) dx. Integrating by 

£ 

parts last integral and using conditions (6), we hnd 

a" (t) + (t) = 0. (11) 

Analogously we get 

(t) - it) = 0. (12) 

The general solutions of equations (11), (12) have the form 

On if) = Cln cos Ant + bn siu Ant, 
f (t) = CnC^"* 


Using conjugation conditions (3)-(5) which pass the next form an (0) = (3n (0), a'n (0) = 
pin (0), a"(0) = Pn (0) we find an = bn = Cn = 0. Consequently an (t) = Pn (t) = 0. Then 
from completeness of functions Xn (x) from (7) and (8) we obtain u (x, t) = 0 in D. 
Theorem 1 is proved. 
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3 Existence of the solution of problem (l)-(5) 


We denote 


u {x, t) = 


u'^ {x, t), t > 0, 


u {x,t), t < 0. 

Using Fourier’s method we get the solution of problem (l)-(5) in the form 


M+ {X, t) = '^Xn (x) 

n=l 


(1 - A?.) /. (0) - /'„ ^ 


U X, t = 


,t) = J2^n 


n=l 


(A^ + 1) 


^ J fn (t) sin Xn{t - t) dr 
0 


(1 - AJ)/„ (0) -(0) 

-g n 


An (A^ + 1) 


An (An + 1) 

We consider the following derivatives 

OO 

^ t) = (a; 

n=l 

+ 2/„(0)^-/„(0) + J fn (t) cos An (t - t) dx 


fn (r) e"' 


(a2-i)/„(0)+/'„(0) . 

sm Ant-r 


(13) 


(14) 


(15) 


du 


[X,t) = y^Xn(x) 


n=l 


2/„(0) - /'„(0) ,j, 

-6 


dt‘^ 


(x,t) = ^X„ 


An + 1 

t 

2Ap„(0) + /'„(0) 


/'„(r)e"-''-"'<lT 


(X 


n=l 


An + 1 


COS Xnt+ 


(2A2 + 1)/'JO) - 2AVn (0) . , _ 1 /-.n , A . ^ A. 

- ^ ^ - sm Xnt+Y J / „ (r) sm An [t - r) dr 

" 0 


{X^t) = ^Xn(x) 

n=l 


dx^ 


2A;/„ (0) + /'„ (0) 

An + 1 


cos Xnt - fn (t) + 


(2A2 + 1) f JO) - 2An/n (0) . , _ 1 f , a ■ A .. A. 

- ^ ^ - sm Xnt + Y J f n \V sm An [t - t) dr 


d^u 

dx"^ 


[x,t) = y^Xn 


[X] 


n=l 


fn ( 0 ) 2 /„ ( 0 ) ^ r 


AO + 1 


(16) 


(17) 


(18) 


(19) 
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d‘^u 

~W 


n=l 


2A^/n (0) + fn (0) 

A^ + 1 


Lemma 1. Let f {x,t) e (l^) ,/(0,t) = f {p,t) 
uniformly with respect to t, then series 


0 


j /"„ {r) e"5<‘-">dT 


20 


0, If e Lipa [0,p] ,0 < a < 1 


J2fn{t)X^{x), (21) 

n=l 


where 


fn (f) = f t) W (.X) dx 


( 22 ) 


converges absolutely and uniformly in fl. 

Proof. Integrating by parts integral in (22), we hnd 

fn (() = f/»■“> (i) 

^71. 


where 


p _ 

^ ^ y ( ^nXix 


(23) 


oo 

according to [10] (t) < rk, c = const > 0. Then |/„ (f)| < and series ^ 


1 + a 


n=l 


converges. Consequently, series in (21) absolutely and uniformly converges in fl . 
Lemma 1 is proved. 

Lemma 2. If / {x,t) G C^’] (fl) , G L 2 (fl) , then following estimates are valid 




r 


< 


II j-fc 


y \\Jn\\L,(-T,or 


Y J fn^ (^)sinA„ {t-T)dT 


I 


X ll^n ||L,( 0 ,T) 


k = 0,1,2, 


where = const > 0,5), = const > 0. The proof of this Lemma follows from Holder 
inequality for integrals. 

Lemma 3. If / {x,t) G C (fl) , |f G L 2 (fl) , then series 


X]^n(x) 


n=l 


2a;/„(0) 

AH +1 


COsXr/t 


(23) 


absolutely and uniformly converges in fl . 
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p 

Proof. Integrating by parts integral f f {x, 0) Xn {x) dx we have /„ (0) 

0 


and 


2A^,|/n(0)| 

An + 1 


<2\fn 


oo 

fn ’ (0) . For series (23) the series 




Applying Holder’s inequality for sums to last series we get 


n=l 


1 Am 

Xn 


(0) 


is major ant. 





< 


n=l 


p 

y/6 


df (a:,0) 


dx 


L2{0,p) 


Consequently series (23) absolute and uniformly converges in . 

Lemma 3 is proved. 

Theorem 2. Let f {x,t) G (H) , G La (H) ,/(0,f) = / (p, t) = 0, G Lip„[0,p] 
uniformly with respect to t , then series (13)-(20) absolutely and uniformly converge in 
and respectively. Solutions (13) and (14) satisfy equation (1) in h and 
conditions (2)-(5). 

Proof. Deducting (18) from (17) we convinced that solutions (13) and (14) satished 
equation (1) in D’*'. Adding (16) and (19) we convinced that solutions (13) and (14) 
satished equation (1) in From properties of functions (x) follows that solutions 
(13) and (14) satishes conditions (2). Passing to limit in (13) and (14), (15) and (16), 
(17) and (20) as t —)■ 0, we convinced that solutions (13) and (14) satisfy the conditions 
(3H5). 

Theorem 2 is proved. 

Remark. In the domain D if we consider mixed elliptic - hyperbolic type equation 

'^XXl t ^ 0 1 s 

+ i<0 

with conditions (2) - (5) and u{x, —T) = 0, then in D’*' the Diriclet type problem not 
appears. 
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